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We study the lepton-jet correlation in deep inelastic scattering. We perform one-loop calculations
for the spin averaged and transverse spin dependent differential cross sections depending on the total
transverse momentum of the final state lepton and the jet. The transverse momentum dependent
(TMD) factorization formalism is applied to describe the relevant observables. To show the physics
reach of this process, we perform a phenomenological study for HERA kinematics and comment on
an ongoing analysis of experimental data. In addition, we highlight the potential of this process to
constrain small-x dynamics.
I. INTRODUCTION
In a recent paper [1], we have proposed the lepton-
jet correlation in deep inelastic scattering (DIS) at the
planned Electron-Ion Collider (EIC) [2–4] as a unique
probe to explore the structure of nucleons/nuclei. In this
paper, we provide a detailed derivation of the formalism
and perform a phenomenological study relevant for the
existing jet production data in DIS from HERA [5–7],
which have been re-analyzed recently to study the lepton-
jet correlation [8].
In the DIS process in electron-nucleon/nucleus colli-
sions, an energetic lepton scatters off the nucleon/nucleus
target and produces a final state jet. In the correlation
measurement, as shown in Fig. 1, we detect both the
lepton and the final state jet,
ℓ(k) +A(PA)→ ℓ′(kℓ) + Jet(PJ ) +X , (1)
where the incoming lepton and hadron carry momenta k
and PA, and the outgoing lepton and jet have momenta
kℓ and PJ , respectively. We further define the rapidi-
ties of the final state lepton and jet as yℓ and yj and
the respective transverse momenta kℓ⊥ and PJ⊥. All of
these kinematic variables are defined in the center of mass
frame of the incoming lepton and hadron. At hadron col-
liders, dijet correlations have also been studied [9–13] in
terms of similar observables.
Inclusive jet and dijet production have been studied ex-
tensively at the HERA collider. However, all these mea-
surements were performed in the center of mass frame of
the virtual photon and the nucleon [5–7]. For the pro-
posed lepton-jet correlation in the center of mass frame of
the incoming lepton and hadron, the leading order con-
tribution leads to the final state jet and lepton which
are back-to-back in the transverse plane, i.e., the az-
imuthal angular distribution will peak around φ = π.
The intrinsic transverse momentum of the quark in the
nucleon and higher order gluon radiation will induce an
imbalance between these final state particles. In the cor-
relation limit that the imbalance transverse momentum
q⊥ = |~kℓ⊥ + ~PJ⊥| is much smaller than the lepton (and
ℓ(k)
ℓ′(k′)
A(P, S)
Jet(PJ)
FIG. 1. The lepton-jet correlation in deep-inelastic scattering
with a nucleon or nucleus at the EIC or HERA.
jet) transverse momentum, we can factorize the differen-
tial cross section in terms of the transverse momentum
dependent (TMD) quark distribution [14–20] and the soft
factor associated with the final state jet. This factoriza-
tion is similar to that for the semi-inclusive hadron pro-
duction in DIS (SIDIS) [21–23], where a final state TMD
fragmentation will contribute as well.
More recently, a number of interesting proposals
and detailed studies of jet physics at the EIC have
emerged [24–37]. In particular, it was shown [24–32] that
the systematic analysis of jet observables including the
lepton-jet correlation can be utilized for the tomography
of the nucleon/nucleus. Together with these investiga-
tions, our studies in this paper and those in Ref. [1] will
play an important role to motivate further jet physics
research at the EIC.
The rest of this paper is organized as follows. In Sec.
II, we will present a detailed study on the TMD factoriza-
tion for the lepton-jet correlation in ep and eA collisions.
We will introduce the soft factor associated with the jet
and the TMD quark distribution. One-loop calculations
for both the unpolarized and single-transverse-spin de-
pendent differential cross sections will be evaluated ex-
plicitly. The factorization will be demonstrated as well.
In Sec. III, we perform phenomenological studies for the
relevant kinematics at HERA. In particular, the TMD
quark distribution at small-x will be investigated by uti-
lizing the currently known parametrization of the TMD
2quark distributions. We emphasize potentially important
constraints of these distributions at small-x from data.
This also highlights the impact of future measurements
at the EIC. Finally, we summarize our paper in Sec. IV.
II. TMD FACTORIZATION AT LOW
IMBALANCE TRANSVERSE MOMENTUM
Including the spin asymmetry, the differential cross
sections for the process of Eq. (1) can written as
d5σ(ℓp→ ℓ′J)
dyℓd2kℓ⊥d2q⊥
=
σ0
(
WUU (Q; q⊥) + ǫ
αβSα⊥W
β
UT (Q; q⊥)
)
. (2)
Here the first term corresponds to the spin-averaged
cross section, and the second to the transverse single
spin dependent contribution, where ǫαβ is defined as
ǫαβµνPAµkν/PA · k with the convention ǫ0123 = 1. When
q⊥ ≪ Q, where Q is the virtuality of the exchanged pho-
ton, the structure functions WUU,UT can be formulated
in terms of TMD factorization. In this section, we will
demonstrate this factorization by an explicit calculation
at one-loop order in the correlation limit, i.e., q⊥ ≪ Q.
We work in the collinear framework, where the incom-
ing quark distribution and quark-gluon-quark correlation
function (the Qiu-Sterman matrix element defined below)
are the basic ingredients for the unpolarized and single
transverse spin dependent differential cross sections, re-
spectively.
At leading order the lepton scatters off the quark
through a t-channel virtual photon exchange. The vir-
tuality of the photon defines the hard-scattering process.
The differential cross section can be written as
d5σ(0)
dyℓd2kℓ⊥d2q⊥
= σ0xfq(x)δ
(2)(q⊥) , (3)
for the unpolarized case, where the prefactor is given by
σ0 =
α2ee
2
q
sˆQ2
2(sˆ2 + uˆ2)
Q4
. (4)
In the above equation, x represents the momentum frac-
tion of the incoming nucleon carried by the quark, fq(x)
for the quark distribution function. The Mandelstam
variables sˆ, tˆ and uˆ are defined as usual for the partonic
sub-process, in particular, we have tˆ = (kℓ − k)2 = −Q2.
At this order, the transverse momenta of the final state
lepton and jet are balanced which is indicated by the
delta function in the above equation. In addition, the ra-
pidities of the two final state particles are also correlated,
1 =
kℓ⊥√
Sep
(eyℓ + eyJ ) , (5)
x =
kℓ⊥√
Sep
(
e−yℓ + e−yJ
)
, (6)
where Sep is the center of mass energy squared of the in-
coming lepton and the nucleon, and yJ is the jet rapidity
in the center of mass frame.
The TMD factorization for the two structure functions
WUU,UT can be expressed in terms of the Fourier trans-
form with respect to the transverse momentum q⊥ as
WUU (Q; q⊥) =
∫
d2b⊥
(2π)2
ei~q⊥·
~b⊥W˜UU (Q; b⊥) , (7)
WαUT (Q; q⊥) =
∫
d2b⊥
(2π)2
ei~q⊥·
~b⊥W˜αUT (Q; b⊥) . (8)
The leading-order Born diagram contributions to W˜UU
and W˜UT are given by
W˜
(0)
UU (Q, b⊥) = xfq(x) ,
W˜
(0)α
UT (Q, b⊥) =
(
ibα
2
)
xTF (x, x) , (9)
where x is defined above, and fq(x) represents the in-
tegrated quark distribution function. The single trans-
verse spin asymmetry comes from the quark Sivers func-
tion [38] and the associated twist-three quark-gluon-
quark correlation function [39, 40],
TF (x1, x2) =
∫
dξ−dη−
4π
ei(k
+
q1η
−+k+g ξ
−) ǫβα⊥ S⊥β
× 〈PS|ψ(0)L(0, ξ−)γ+gF +α (ξ−)
×L(ξ−, η−)ψ(η−)|PS〉 , (10)
where
x1 = k
+
q1/P
+ , (11)
x1 = k
+
q1/P
+ , (12)
xg = k
+
g /P
+ = x2 − x1 , (13)
and L is the light-cone gauge link making the above def-
inition gauge invariant.
In the following, we are going to derive the one-loop
corrections and show that TMD factorization is valid for
both the unpolarized and the single transverse spin de-
pendent cross section in the correlation limit. In particu-
lar, the collinear divergence will be factorized into the rel-
evant TMD quark distribution, and additional soft gluon
radiation into a soft factor associated with the final state
jet. The hard factors will be derived at one-loop order
based on these results. First, we consider the unpolarized
case and second the Sivers asymmetry.
A. The unpolarized Differential Cross Section at
One-loop Order
The leading-order diagram lepton-quark scattering di-
agram is shown in Fig. 2(a). This leads to a Delta func-
tion of q⊥ as δ
(2)(q⊥), which means that the lepton and
quark in the final state are back-to-back in the transverse
3(b)
kJ
p1
k
k′
(c)
kJ
k
k′
(d)
kJ
k
k′
kg
PA, S⊥PA, S⊥
(a)
kJ
p1
k
k′
FIG. 2. Feynman diagrams contributing to the lepton-jet cor-
relation in DIS: (a) the leading order ℓq → ℓ′q scattering; (b)
a representative diagram for the soft gluon radiation contribu-
tion at one-loop oder; (c) the soft-pole contribution to the sin-
gle transverse spin asymmetry for this process; (d) the same
as (c) but for the hard pole contribution. The lower parts in
(c) and (d) represent the twist-three quark-gluon-quark cor-
relation function which depends on the transverse spin of the
nucleon. The red vertical lines in these two diagrams indicate
the pole contribution from the associated quark propagators.
In order to obtain the complete contribution from the hard
pole, we have to take into account the diagrams where the
vertical gluon is attached to the quark line as shown in (d),
the gluon line, and the quark line before the gluon radiation
vertex.
plane. At higher orders in perturbative QCD, gluon radi-
ation will contribute a finite transverse momentum. The
collinear gluon parallel to the incoming quark is included
as part of the TMD quark distribution, whereas those
parallel to the final state quark jet are part of jet func-
tion. Because the latter does not contribute to a finite
q⊥, it will not appear explicitly in the TMD factorization
formula.
The soft gluon radiation is of particular interest, as it
shows the structure of the TMD factorization. We show
the typical soft gluon radiation diagrams in Fig. 2(b) for
the unpolarized case, and in Fig. 2(c,d) for transverse
spin dependent cross sections.
The soft gluon radiation is also important to under-
stand how the jet contribution enters the TMD factor-
ization and resummations [41–47]. In the process of (1),
we have a final state jet, where the soft gluon radiation
from the jet will contribute to the imbalance transverse
momentum q⊥, from for example the diagram shown in
Fig. 2(b),
g2
∫
d3kg
(2π)32Ekg
δ(2)(q⊥ − kg⊥)CFSg(kJ , p1) . (14)
Here kg is the momentum of the radiated gluon, and p1
and kJ are the momenta of the initial and final state
quark. In addition, Sg(kJ , p1) is a short-hand notation
for
Sg(kJ , p1) =
2kJ · p1
kJ · kgp1 · kg . (15)
We have to subtract the soft gluon radiation inside the
jet cone, which actually belongs to the jet. Therefore,
this contribution will depend on the jet size R. In previ-
ous calculations, the out of cone radiation was derived by
assuming a small offshellness for the quark [43–47]. Here
we apply the subtraction method in dimensional regular-
ization directly. In particular, the jet radius dependent
term can be written as
IR =
∫
dξ
ξ
dφ
2π
~kJ⊥ · ~kg⊥
kJ · kg Θ(∆kJkg > R
2)
=
∫
dξ
ξ
dφ
2π
~kJ⊥ · ~kg⊥
kJ · kg
[
1−Θ(∆kJkg < R2)
]
, (16)
where ξ = kg · p1/kJ · p1, and ∆kJkg represents the dis-
tance between the two particles with momenta kg and
kJ . We apply the narrow jet approximation (NJA) [48]
to derive the R dependence in the above equation. As
a result, both terms in the last line can be evaluated
in dimensional regularization, and the final result is
IR = − 1ǫ
[
1−R−2ǫ]. We have included a more detailed
derivation in Appendix B. Finally, we find the following
contribution,
Sg(kJ , p1) ∝ αs
2π2
1
q2⊥
[
ln
Q2
q2⊥
+ ln
1
R2
+ ln
Q2
k2ℓ⊥
+ǫ
(
1
2
ln2
1
R2
)]
, (17)
where we have kept the ǫ term for completeness. These
terms will contribute a finite term when taking the
Fourier transform to b⊥-space. Compared to the results
in Refs. [44], we find a finite difference due to the ǫ-term
in the above equation. This actually explains the numer-
ical difference found in Refs. [45, 47] compared to the
full NLO calculation. In order to derive the above re-
sult, we have averaged over the azimuthal angle of the
jet. This average does not factorize and our resummed
results given below results will not be accurate beyond
next-to-leading logarithmic (NLL) order αns ln
n b⊥ in the
resummed exponent.
In addition, we also have collinear gluon contributions
parallel to the incoming quark or the final state quark
jet. The former can be expressed as a quark splitting
contribution, whereas the latter is formulated with the
jet splitting. In this paper, we will follow the narrow jet
approximation with the anti-kt [49] algorithm to compute
this contribution. Adding all the above contributions, we
obtain the final result in the transverse momentum space,
WUU =
∫
dξ
ξ
x′fq(x
′)
αs
2π2
CF
1
q2⊥
{
1 + ξ2
(1 − ξ)+ + ǫ(1− ξ)
+δ(1− ξ)
[
ln
Q2
q2⊥
+ ln
1
R2
+ ln
Q2
k2ℓ⊥
+ǫ
(
1
2
ln2
1
R2
)]}
. (18)
Taking the Fourier transform of the above result to b⊥-
space, and adding the contribution from the virtual graph
4and the jet (see Appendix A), we find the final result at
one-loop order,
W˜
(1)
UU (Q, b⊥) =
αs
2π
CF
∫
dξ
ξ
xfq(x
′)
{(
−1
ǫ
+ ln
µ2b
µ2
)
× Pq→q(ξ) + (1− ξ) + δ(1− ξ)
[
3
2
ln
k2ℓ⊥
µ2b
−1
2
ln2
Q2
k2ℓ⊥
− 1
2
(
ln
Q2
µ2b
)2
− ln Q
2
k2ℓ⊥R
2
ln
k2ℓ⊥
µ2b
+
3
2
ln
1
R2
+ 3 ln
Q2
k2ℓ⊥
− 3
2
− 2π
2
3
]}
, (19)
where µb = |b⊥|/c0, c0 = 2e−γE , and Pq→q(ξ) =(
1+ξ2
1−ξ
)
+
is the quark splitting kernel. This result can be
factorized into the TMD quark distribution and the soft
factor associated with the final state jet. Most impor-
tantly, there are no factorization breaking effects for this
process, and the TMD quark distribution is the same as
for SIDIS. This in contrast to the dijet production process
in hadron-hadron collisions, where TMD factorization is
known to be broken at higher orders in perturbation the-
ory [50–62].
Therefore, the above one-loop result should be factor-
ized into the following TMD quark distribution,
f (unsub.)q (x, k⊥) =
1
2
∫
dξ−d2ξ⊥
(2π)3
e−ixξ
−P++i~ξ⊥·~k⊥
× 〈PS ∣∣ψ(ξ)L†n(ξ)γ+Ln(0)ψ(0)∣∣PS〉 , (20)
with the future-pointing gauge link,
Ln(ξ) ≡ exp
(
−ig
∫ ∞
0
dλ v · A(λn+ ξ)
)
. (21)
This definition contains a light-cone singularity from
higher order corrections. The regulation and subtrac-
tion defines the scheme of the TMD distributions. Here,
as an example, we follow the Collins 2011 scheme which
includes a soft factor subtraction as [20],
f˜ (sub.)q (x, b⊥, µF , ζc) = f˜
(unsub.)
q (x, b⊥)
×
√
S˜n¯,v2 (b⊥)
S˜n,n¯2 (b⊥)S˜
n,v
2 (b⊥)
. (22)
Here b⊥ is the Fourier conjugate variable with respect
to the transverse momentum k⊥, µF is the factorization
scale and we have ζ2c = x
2(2v · P )2/v2 = 2(xP+)2e−2yn
with yn the rapidity cutoff in the Collins 2011 scheme.
The second factor represents the soft factor subtrac-
tion with the light-front vectors n = (1−, 0+, 0⊥), n¯ =
(0−, 1+, 0⊥), and v is off-light-front v = (v
−, v+, 0⊥) with
v− ≫ v+. The light-cone singularity of the un-subtracted
TMDs is cancelled by the soft factor as in Eq. (22) with
S˜v1,v2 defined as
S˜v1,v22 (b⊥) = 〈0|L†v2(b⊥)L†v1 (b⊥)Lv1(0)Lv2(0)|0〉 . (23)
The one-loop results for the TMD quark distributions can
be found for example in Refs. [20, 63]. For convenience,
we list their result
f (sub.)q (x, q⊥) =
αs
2π2
CF
q2⊥
∫
dx′
x′
fq(x
′)
[
1 + ξ2
(1− ξ)+
+ǫ(1− ξ) + δ(1 − ξ) ln ζ
2
c
q2⊥
]
. (24)
In Fourier transform b⊥-space, we have
f˜ (sub.)q (x, b⊥) =
αs
2π
CF
∫
dξ
ξ
fq(x
′)
{(
−1
ǫ
+ ln
µ2b
µ¯2
)
× Pq→q(ξ) + (1− ξ) + δ(1− ξ)
[
3
2
ln
µ2
µ2b
+
1
2
(
ln
ζ2c
µ2
)2
− 1
2
(
ln
ζ2c
µ2b
)2]}
. (25)
The soft factor associated with the final state jet can be
defined accordingly
S˜J (b⊥, µF ) =
S˜n1,n¯(b⊥)√
S˜n,n¯(b⊥)
, (26)
where n1 represents the jet direction. A one-loop calcu-
lation leads to the following result
S
(1)
J (k⊥) =
αs
2π2
1
q2⊥
CF
[
ln
tˆ
uˆ
+ ln
1
R2
]
, (27)
in the transverse momentum space. In b⊥-space, we ob-
tain, to first order,
S˜
(1)
J (b⊥) =
αs
2π
[
− ln tˆ
uˆR2
ln
µ2
µ2b
+
1
2
ln2
1
R2
]
. (28)
From this result, we derive the anomalous dimension at
one-loop order,
γ(1)s = −CF
αs
2π
ln
tˆ
uˆR2
. (29)
With the above results, we can verify the TMD factor-
ization at this order,
W˜UU (x, b⊥) = f˜
(sub.)
q (x, b⊥, µF , ζc)S˜J (b⊥, µF )
×HTMD(Q,µF ) , (30)
with the hard factor
H
(1)
TMD =
αsCF
2π
[
− ln2 Q
2
k2ℓ⊥
+
1
2
ln2
1
R2
+
3
2
ln
1
R2
+3 ln
Q2
k2ℓ⊥
− 3
2
− 2π
2
3
]
, (31)
where we have chosen ζ2c = sˆ and µ
2
F = k
2
ℓ⊥ to simplify
the expression.
5B. The Sivers Asymmetry at One-loop Order
The above factorization applies to the single transverse
spin asymmetry in the process of (1). In Ref. [51], it
was shown that the collinear gluon radiation from the
polarized nucleon can be factorized into the TMD quark
Sivers function. To establish the complete factorization
formalism, we need to demonstrate that the soft gluon
radiation can be factorized and expressed as Eq. (26) as
well. The soft gluon radiation comes from the Feynman
diagrams shown in Fig. 2. Similar diagrams have been
calculated for the SIDIS process, where the final state
fragmentation function will contribute [64, 65]. In the
current case, it is the final state jet contribution.
To obtain a non-zero single spin asymmetry, we have
to take into account final state interaction effects, which
generate a phase through a pole from the interference di-
agrams, as shown for example in Fig. 2(c) and(d). We
have marked the pole places in these diagrams, where
2(c) refers to the so-called soft-pole and 2(d) to the hard-
pole, similar to the SIDIS process which was calculated
in Ref. [64, 65]. There are also soft-fermion pole con-
tributions from TF and those from the G˜F twist-three
function [65]. These contributions can be analyzed in a
similar manner. In the following, we only consider the
soft-gluon and hard-gluon pole contributions. The soft
pole corresponds to the case where the vertical gluon
carries zero longitudinal momentum fraction of the in-
coming nucleon when taking the pole, whereas the hard
pole corresponds to a non-zero momentum fraction for
the gluon. The calculations of these diagrams will be the
same as those in Ref. [64]. Again, in the TMD limit,
i.e., the transverse momentum of the radiated gluon q⊥
is much smaller than the hard momentum scale (kℓ⊥ in
our case), there exist cancellations between the soft- and
hard-pole contributions. This is particularly the case for
the soft gluon radiation diagrams in Fig. 2(c) and (d).
For example, the soft-pole diagram of Fig. 2(c) has a
color factor of −1/2Nc, and part of the hard-pole con-
tribution (such as Fig. 2(d)) has a color factor of 1/2Nc
as well. If we decompose the hard pole contribution into
the color factors CF and 1/2Nc, we find that the term
proportional 1/2Nc cancels completely against that from
the soft-pole contribution. The final result will only de-
pend on the color factor CF , which is proportional to the
following structure,
g2CF ǫ
αβS⊥α
∫
d3kg
(2π)32Ekg
δ(2)(q⊥ − kg⊥) [Sg(kJ , p1)]2
× (kg⊥β − ξkJ⊥β) . (32)
Here S⊥ represents the traverse spin vector of the in-
coming nucleon. The above result contains a collinear
divergence associated with the final state quark jet when
kg⊥ ∼ ξkJ⊥. As we have shown above, Sg(kJ , p1) has a
single power collinear divergence. Therefore, the spin de-
pendent cross section contribution depends on the com-
bination of kg⊥ − ξkJ⊥, which will cancel one power of
the collinear divergence from [Sg(kJ , p1)]
2
. As a result,
we have only one collinear divergence associated with soft
gluon radiation from the jet. After integrating over ξ, we
obtain the following contribution,
αs
2π2
ǫαβS⊥αq⊥β
(q2⊥)
2
[
ln
Q2
q2⊥
+ ln
1
R2
+ ln
Q2
k2ℓ⊥
+ ǫ
(
1
2
ln2
1
R2
)]
. (33)
Adding the collinear gluon radiation which is parallel to
the incoming proton, and the contribution from the vir-
tual graph and the jet as for the unpolarized case above,
we have the following one-loop result in b⊥-space,
W˜αUT (Q, b) =
αs
2π
ibα
2
x
∫
dξ
ξ
{(
−1
ǫ
+ ln
µ2b
µ2
)
× PTqg→qg ⊗ TF (x, x) − TF (x′, x′)
1
2Nc
(1− ξ)
+δ(1− ξ)TF (x, x)CF
[
−1
2
ln2
Q2
k2ℓ⊥
− 1
2
(
ln
Q2
µ2b
)2
− ln Q
2
k2ℓ⊥R
2
ln
k2ℓ⊥
µ2b
+
3
2
ln
k2ℓ⊥b
2
c20
+
3
2
ln
1
R2
+3 ln
Q2
k2ℓ⊥
− 3
2
− 2π
2
3
]}
, (34)
where the splitting kernel for the Sivers function is ob-
tained from the Qiu-Sterman matrix element [66–71].
Again, this can be factorized into the TMD quark
Sivers function and the soft factor associated with the
jet,
W˜αUT (x, b⊥) = f˜
⊥α(sub.)
1T (x, b⊥, µF , ζc)S˜J (b⊥, µF )
×HTMD(µF ) , (35)
where the soft factor and the hard factor are the same as
those in the unpolarized case. Similar to the above case,
the quark Sivers function needs a subtraction as well,
f˜
⊥α(sub.)
1T (x, b⊥, µF , ζc) = f˜
⊥α(unsub.)
1T (x, b⊥)
×
√
S˜n¯,v2 (b⊥)
S˜n,n¯2 (b⊥)S˜
n,v
2 (b⊥)
, (36)
with the same soft factor subtraction in the Collins 2011
scheme. The explicit one-loop expression can also be
found in Ref. [63].
C. Resummation
There are large logarithms in the TMD quark distri-
butions and the soft factor associated with the jet, which
can be resummed by solving the relevant evolution equa-
tions. The TMD quark distribution has been studied ex-
tensively in recent years and can be applied in our case.
6With resummation effects taken into account, the final
result can be written as
W˜
(res.)
UU = xf˜q(x, b⊥, µF = kℓ⊥, ζc =
√
sˆ)e−ΓsCUU ,
W˜
(res.)α
UT = xf˜
⊥α
1T (x, b⊥, µF = kℓ⊥, ζc =
√
sˆ)e−ΓsCUT ,
(37)
where fq and f
⊥
1T represent the standard unpolarized
quark TMD distribution and the Sivers function, respec-
tively. Here, Γs is associated with the soft factor due to
the jet and it is given by:
Γs =
∫ k2
⊥
c20/b
2
⊥
dµ2
µ2
γs , (38)
where γ
(1)
s = αsCF ln(tˆ/uˆR
2)/2π. The one-loop expres-
sions for CUU and CUT are given by
CUT = CUU = αs
2π
CF
[
− ln2 Q
2
k2ℓ⊥
+ 3 ln
Q2
k2ℓ⊥
+
3
2
ln
1
R2
− 3
2
− 2π
2
3
]
. (39)
D. Non-global Logarithms
For the lepton-jet correlation in DIS, non-global log-
arithms (NGLs) [72, 73] have to be taken into account.
They start contributing at the order O(α2s). See Ap-
pendix C for a detailed derivation. (A similar calculation
was performed in Ref. [74]). See also Ref. [75]. The first
non-zero contribution is given by
S˜(2)NGL(b⊥) = −CF
CA
2
(αs
π
)2 π2
24
ln2
(
k2ℓ⊥b
2
⊥
c20
)
. (40)
The resummation of these NGLs is more complicated
than that of the global logarithms in the resummation
formula in Eq. (37). For the kinematics we are interested
in the NGL contribution is very small and will not be
included in the numerical studies presented below. We
leave more detailed phenomenological studies for future
work.
III. PHENOMENOLOGICAL STUDIES AND
COMPARISON TO HERA DATA
Phenomenological results for the lepton-jet correlation
at the EIC have been shown in Ref. [1]. In particular,
the single transverse spin asymmetries for this process
have been shown to directly probe the quark Sivers func-
tion, whereas the measurement of PT -broadening effects
in eA collisions will be a great opportunity to explore
cold nuclear matter effects through hard probes.
In this section, we will take the opportunity that the
existing experimental data from the HERA collider has
been re-analyzed to study the lepton-jet correlation [8].
We will compare to these preliminary analyses and com-
ment on the implications of the experimental measure-
ment. This will serve as an important cross check of
our formalism and may also indicate constraints on the
small-x modification of the TMD quark distribution in
the proton. This shall provide an important guideline
for future measurements at the EIC.
The TMD quark distribution takes the form [76],
f˜q(x, b⊥, µF = kℓ⊥, ζc =
√
sˆ) = e−S
q
pert(b∗)−S
q
NP
(b⊥)
×
∑
i
Cq/i(x, µb/µ)⊗ fi(x, µb),(41)
where b∗ = b⊥/
√
1 + b2⊥/b
2
max with bmax = 1.5 GeV
−1,
and fi(x, µ) is the integrated parton distribution. The
Sudakov form factor for the quark is given by
Sqpert(b⊥) =
∫ k2ℓ⊥
µ2
b
dµ2
µ2
[
Aq
(
αs(µ)
)
ln
sˆ
µ2
+Bq
(
αs(µ)
)]
,
(42)
with Aq =
αs
2πCF , B
(1)
q = −αsπ 32CF , and where for
simplicity we take the leading order expression for the
coefficient function C. We use the non-perturbative
parametrization of Refs. [76, 77]:
SqNP = 0.106 b
2
⊥ + 0.42 ln(Q/Q0) ln(b⊥/b∗) , (43)
with Q20 = 2.4 GeV
2.
For the HERA measurement of Ref. [8], the kinematics
are as follows: Q2 > 10 GeV2; 30 > PJ⊥ > 2.5 GeV, and
the pseudo-rapidity of the jet is |ηj | < 1 in the Lab frame.
From these kinematics, it was found that the lepton-jet
production is dominated by small-x around 10−3. Be-
fore we compare to the experimental data, it is interest-
ing to study the behavior of the TMD quark distribu-
tion using the known parametrizations. In Ref. [76, 77],
the TMD formalism was applied to describe the existing
Drell-Yan type processes, and no x-dependence of the
non-perturbative form factor was found by means of a
global analysis.
In Fig. 3, we show, as an example, the up quark TMD
as a function of b⊥ for two different values of x. Taking
similar kinematics as relevant for the HERA data [8], we
fix the factorization scale µF = 7 GeV and the energy
scale ζc = 20 GeV. From this figure, we can see that the
TMD quark distribution does evolve with x. However,
the evolution is mild, because it solely comes from the
collinear scale dependence of the TMD quark distribution
in Eq. (41). This, of course, is also because the Drell-Yan
type of data in the global analysis of Refs. [76, 77] found
no x-dependence of the non-perturbative form factor.
In Fig. 4, we show the dependence of the TMD quark
distribution on the factorization scale µF at small-x
which is relevant for the HERA data. It is interesting
to note that in the range of the transverse momentum of
the jet, the scale dependence is not very strong.
To compare to the HERA measurement, we take an
average transverse momentum for the jet PJ⊥ = 5 GeV
7FIG. 3. The up quark TMD distribution as function of the
Fourier transform variable b⊥ for different x. We have fixed
the factorization scale µF = 7 GeV and energy scale ζc =
20 GeV, which correspond to the kinematics of the HERA
data [8].
FIG. 4. The up quark TMD distribution as a function of
the Fourier transform variable b⊥ for different values of the
factorization scale µF . We have fixed x = 0.005 and the
energy scale ζc = 20 GeV.
with rapidity ηj = 0 to evaluate the TMD quark distribu-
tions. With that, we plot the azimuthal angular distribu-
tion between the final state lepton and the jet in Fig. 5.
The blue curve represents the prediction with the TMD
quark distribution in Eq. (41) with the non-perturbative
form factor of Eq. (43). In the calculations, we neglect
the non-perturbative contribution from the soft factor
associated with the jet, i.e., the SJ factor in the fac-
torization formula of Eq. (30). We expect this part to
be smaller than that from the TMD quark distributions.
Future experiments can help to constrain this contribu-
tion, especially through the jet radius dependence of the
correlation measurement.
We further notice that within the HERA kinematics,
the azimuthal angular correlation could be sensitive to
gluon saturation effects [78, 79]. Gluon saturation will
modify the TMD quark distribution, see, for example,
a calculation in Ref. [80]. To illustrate how this affects
the azimuthal angular correlation between the final state
lepton and the jet, we include a small-x modification of
FIG. 5. The azimuthal angular correlation between the final
state lepton and jet for the HERA kinematics. For the numer-
ical results, we have chosen an average jet transverse momen-
tum of 5 GeV at mid-rapidity in the Lab frame to evaluate the
TMD quark distributions. The blue curve represents the re-
sult from the default parametrization of the non-perturbative
form factor of Ref. [76, 77] as in Eq. (43). For the red-dashed
curve, we include an additional small-x contribution as shown
in Eq. (44).
the non-perturbative part
SqNP → SqNP + 〈δq2⊥〉b2/4 , (44)
with 〈δq2⊥〉 = 0.2 GeV2 as an example. This modifica-
tion is qualitatively consistent with the observation in
Ref. [80] that transverse momentum broadening arises at
small-x due to gluon saturation effects. We plot this pre-
diction (red curve) in Fig. 5. We conclude that small-x
effects can lead to a sizable numerical impact. We hope
that future measurements can help to test these predic-
tions and impose constraints also on the small-x contri-
bution to the TMDs.
IV. CONCLUSIONS
In this paper, we have presented a detailed derivation
of the TMD factorization for the azimuthal angular cor-
relation between the final state lepton and jet in DIS pro-
cesses. An explicit one-loop calculation was carried out,
and the factorization has been verified accordingly. We
have also derived the single-transverse spin asymmetry
for this process, which depends on the quark Sivers func-
tion. The calculations are performed within the twist-
three framework and the Sivers function corresponds to
the Qiu-Sterman matrix element. Based on the factor-
ization formula, we further derived an all order resum-
mation.
The factorization formalism demonstrates the striking
simplicity of this process, where the total transverse mo-
mentum of the final state lepton and jet depends on the
TMD quark distribution plus a soft factor associated with
the jet. This will provide an important channel to inves-
tigate the TMD quark distribution in ep and eA colli-
8sions. Some recent phenomenological studies of this cor-
relation have shown very promising results for the future
EIC [28, 31]. We expect more research along this direc-
tion in the near future.
We have also carried out a phenomenological study on
the TMD quark distribution for HERA kinematics [8].
The kinematics at HERA are sensitive to the small-x re-
gion, where the TMD parton distributions are not well
constrained. Therefore, the comparison between theory
and experiment in this region could provide a potential
signal for the x-dependence of the TMD quark distribu-
tions. We look forward to comparing our theory pre-
dictions to the experimental data, which are soon to be
published.
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Appendix A: Soft Gluon Radiation Associated with
the Jet
Following previous derivations [44], we can calculate
the soft gluon radiation associated with the jet as∫
d3kg
2Ekg
δ(2)(q⊥ − kg⊥)Sg(kJ , p1) = αs
2π2
1
q2⊥
[
ln
sˆ
q2⊥
+ ln
1
R21
+ ln
(
tˆ
uˆ
)
+ ǫ
(
1
2
ln2
1
R21
+
π2
6
)]
, (A1)
where sˆ, tˆ and uˆ are define in Sec. II. To arrive at the
above result, an approximation was made in Ref. [44],
where an off-shellness was imposed for the jet momen-
tum: k2J ∼ k2J⊥R2 with the jet size R. In the following,
we apply the subtraction method to derive the above re-
sult without any approximation.
First, we notice that the contribution due to soft gluon
radiation can be written as
Sg(kJ , p1) + Sg(kJ , p2) =
4
k2g⊥
+
4
k2g⊥
~kJ⊥ · ~kg⊥
kJ · kg , (A2)
where the first term contributes to the double loga-
rithms and corresponds to the first term in the bracket
of Eq. (A1). To calculate the second term, we define
I(R) =
∫
dξ
ξ
dφ
2π
~kJ⊥ · ~kg⊥
kJ · kg , (A3)
where ξ is the longitudinal momentum of kg with respect
to kJ , ξ = kg · p1/kJ · p1 and φ is the azimuthal angle be-
tween kg⊥ and kJ⊥. As mentioned above, we will further
average over this angle to obtain the final result. In the
NJA, I(R)→ ln(1/R2).
Similarly, we find that
Sg(kJ , p1)− Sg(kJ , p2) = 4
k2g⊥
k+J k
−
g − k−J k+g
kJ · kg . (A4)
It is interesting to notice that the above term does not
contain a divergence associated with the jet. Therefore,
we can integrate over the longitudinal momentum of the
gluon ∫
dξ
ξ
dφ
2π
k+J k
−
g − k−J k+g
kJ · kg = ln
tˆ
uˆ
. (A5)
Therefore, the only contribution to the soft gluon radi-
ation where the jet radius and the jet algorithm appear
are given by the integral I(R). This integral can be re-
lated to the jet contribution at one-loop order, which also
depends on the jet algorithm. Previously, as discussed in
the above section, an approximation was made to carry
out the integral. In the following we derive the result for
I(R) with the subtraction method
I(R) =
∫
dξ
ξ
dφ
2π
~k1⊥ · ~kg⊥
k1 · kg Θ(∆k1kg > R
2)
=
∫
dξ
ξ
dφ
2π
~k1⊥ · ~kg⊥
k1 · kg
[
1−Θ(∆k1kg < R2)
]
,(A6)
where the first term is similar to the global-soft, and the
second term is similar to the collinear-soft contribution.
First, we notice that
k1 · kg = k1⊥kg⊥ [cosh(∆Y )− cos(∆φ)] , (A7)
where ∆Y and ∆φ are rapidity and angular separation
between kg and kJ . Substituting the above into I(R), we
find that
I(R) =
1
2π
∫
d∆Y d∆φ
cos(∆φ)
cosh(∆Y )− cos(∆φ)
× [1−Θ(∆k1kg < R2)]
= IG − Ics(R) . (A8)
The global-soft term can be calculated as
IG =
1
2π
∫
d∆Y d∆φ
cos(∆φ)
cosh(∆Y )− cos(∆φ)
=
1∫ π
0 dφ sin
−2ǫ(φ)
∫ π
0
dφ sin−2ǫ(φ)
×
∫ ∞
0
dy
cos(φ)
cosh(y)− cos(φ)
= −1
ǫ
. (A9)
For the collinear-soft term, we can apply the narrow jet
9approximation R≪ 1,
Ics(R) =
1
2π
∫
d∆Y d∆φ
cos(∆φ)
cosh(∆Y )− cos(∆φ)
×Θ(∆k1kg < R2)
=
R−2ǫ∫ π
0
dφ sin−2ǫ(φ)
∫ 1
0
dφ(φ)−2ǫ
×
∫ √1−φ2
0
dy
1
y2 + φ2
= R−2ǫ
(
−1
ǫ
)
. (A10)
Therefore, I(R) has a rather simple structure
I(R) = −1
ǫ
[
1−R−2ǫ] = ln 1
R2
+ ǫ
1
2
ln2
1
R2
. (A11)
Certainly, the leading pole cancels and we are left with a
term proportional ln(1/R2).
Substituting the above result into the original calcula-
tion, we find that there should be no π2/6 term in the
terms ∼ ǫ in Eq. (A1). This applies to all the soft gluon
radiation contributions associated with the jet calculated
in Refs. [44], and solves the puzzle found in previous cal-
culations of Refs. [45, 47].
Appendix B: Virtual contribution and the jet
contribution
The virtual graph has the following contribution in the
MS scheme,
Γv =
αs
2π
CF
(
µ2
Q2
)ǫ{
− 2
ǫ2
− 3
ǫ
− 8
}
. (B1)
The jet contribution is is given by,
Jq =
αs
2π
CF
(
µ2
P 2J⊥
)ǫ{
1
ǫ2
+
1
ǫ
ln
1
R2
+
3
2
1
ǫ
+
1
2
ln2
1
R2
+
3
2
ln
1
R2
+ I ′q
}
, (B2)
where I ′q for anti-kT jets is defined as
I ′q =
13
2
− 2
3
π2 . (B3)
Appendix C: Non-global Logarithms
NGLs start to contribute at two-loops [72–74]. These
contributions arise from the configuration where one of
the soft gluons inside the jet while the second gluon is
outside of jet. For the differential cross section that we
are studying in this paper, these soft gluon emissions
will contribute to a finite transverse momentum. In this
section, we will discuss the emission of two soft gluons
that leads to the NGLs which need to be included in
addition to the above resummation formalism.
The two soft gluon emission matrix element squared
can be written as [73]
W2 = C
2
FSg(p1, kJ ; k1)Sg(p1, kJ ; k2)
+Sg(p1, kJ ; k1)
CFCA
2
[Sg(p1, k1; k2)
+Sg(kJ , k1; k2)− Sg(p1, kJ ; k2)] , (C1)
for strong ordering of k1 ≫ k2, where k1 and k2 are
momenta for the two radiated gluons, and Sg(p1, p2; k) is
defined as
Sg(p1, p2; k) =
2p1 · p2
p1 · kp2 · k . (C2)
The NGL contribution is obtained from the second term
in Eq. (C1) with color factor CFCA. It can be derived
by integrating over the phase space of k1 and k2 with a
delta function constraining the transverse momentum,
S(2)NGL =
CFCAg
4
2
∫
d3k1
(2π)32Ek1
d3k2
(2π)32Ek2
×δ(2)(q⊥ − k2⊥)Sg(p1, kJ ; k1) [Sg(p1, k1; k2)
+Sg(kJ , k1; k2)− Sg(p1, kJ ; k2)] , (C3)
where we have to impose the kinematics of the leading
NGLs: k1 belongs to the jet associated with kJ and k2 is
out of the jet. For the leading contribution, these condi-
tions can be simplified as,
(k1+kJ)
2 < k1⊥kJ⊥R
2, (k2+kJ)
2 > k2⊥kJ⊥R
2 , (C4)
where R is the jet radius. These can be further translated
into the following ordering of their momenta,
k
′2
1⊥
z21
=
(k1⊥ − z1kJ⊥)2
z21
< k2J⊥R
2 , (C5)
k
′2
2⊥
z22
=
(k2⊥ − z2kJ⊥)2
z22
> k2J⊥R
2 , (C6)
where z1,2 are defined as zi = ki · p1/kJ · p1. In the
soft approximation we have z2 ≪ z1 ≪ 1. For con-
venience, we have also introduced two new momentum
variables: k′i⊥ = ki⊥ − zikJ⊥. These variables represent
the transverse momenta relative to the jet momentum
which are obtained by subtracting the momentum com-
ponents along the jet direction. With this notation, the
NGL contribution can be evaluated as
S(2)NGL =
CFCA
2
(αs
π
)2 ∫ dz2
z2
dz1
z1
d2k′2⊥
2π
d2k′1⊥
2π
× δ(2)(q⊥ − k2⊥)Θ(z1 − z2)Θ
(
k
′2
2⊥
z22k
2
J⊥
−R2
)
×Θ
(
R2 − k
′2
1⊥
z21k
2
J⊥
)
1
k
′2
1⊥
2z2
z1
k′2⊥ · k′1⊥
k
′2
2⊥(k
′
2⊥ − z2z1 k′1⊥)2
.(C7)
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The next step is to average over the azimuthal angle φ12
between k′1⊥ and k
′
2⊥, which leads to the following ex-
pression:
I ≡ 1
2π
∫ 2π
0
dφ12
2z2
z1
k′2⊥ · k′1⊥
(k′2⊥ − z2z1 k′1⊥)2
=
k
′2
2⊥
z22
+
k
′2
1⊥
z21
|k
′2
2⊥
z22
− k
′2
1⊥
z21
|
− 1 .
(C8)
For the NGL configuration we have k
′2
2⊥/z
2
2 > k
′2
1⊥/z
2
1 .
Therefore, the above result can be written as
I =
2
k
′2
1⊥
z21
k
′2
2⊥
z22
− k
′2
1⊥
z21
. (C9)
We can then carry out the integral over k
′2
1⊥, and we find
the following expression,∫ R2z21k2J⊥
0
dk
′2
1⊥
k
′2
1⊥
I = 2 ln y
y −R2 , (C10)
where y = k
′2
2⊥/k
2
J⊥z
2
2 . We rewrite the z2 integral as an
integral over y. Before we carry out the z2 integral, there
are large logarithms associated with the strong ordering
of z2 ≪ z1. Therefore,
∫
dz1/z1Θ(z1 − z2) = ln(1/z2).
When converting the z2 integral to a y integral, there will
be a logarithm of ln(k2J⊥/k
′2
2⊥). A further approximation
to obtain the leading contribution of the NGLs is to set
k′2⊥ → k2⊥ in this logarithm and the overall factor 1/k
′2
2⊥.
In the end, we obtain the following result for the NGLs
at this order
S(2)NGL = CF
CA
2
(αs
π
)2 1
2π
π2
6
1
q2⊥
ln
k2J⊥
q2⊥
, (C11)
where the π2/6 factor comes from the following integral
in the small R limit
lim
R2→0
∫ ∞
R2
dy
y
ln
y
y −R2 =
π2
6
. (C12)
The above result is for the real gluon radiation. When
Fourier transforming into b⊥-space, and adding the vir-
tual contribution, we obtain
S˜(2)NGL = −CF
CA
2
(αs
π
)2 π2
24
ln2
k2J⊥b
2
⊥
c20
. (C13)
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